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Abstract
This paper describes several new variations of large rigid-foldable quadri-
lateral creased papers, which are generated by “stitching” together rigid-
foldable Kokotsakis quadrilaterals. These creased papers are constructed
with the following additional requirements: (a) There is at least one rigid
folding motion for which no folding angle remains constant. (b) The
quadrilateral creased paper is infinitely extendable in both longitudinal
and transverse directions. (c) The sector angles, which define the crease
directions, can be solved quadrilateral by quadrilateral. This work is based
on a nearly complete classification of rigid-foldable Kokotsakis quadrilat-
erals from Ivan Izmestiev. All quadrilateral creased papers described in
this paper have one degree of freedom in each branch of their rigid folding
motion.
Keywords: rigid-foldable, folding, degree-4, Kokotsakis quadrilateral
1 Introduction
The most common forms of origami pattern are based on a quadrilateral mesh.
In this article we will discuss the rigid-foldability of a quadrilateral creased
paper, which is more precisely defined as
Definition 1. A quadrilateral creased paper satisfies: (see Figure 1(a))
(1) The Euler characteristic is 1.
(2) The crease pattern is a quadrilateral mesh.
(3) No row or column of inner creases forms a cycle.
A vertex or crease is inner if it is not on the boundary of the creased paper, a
panel is inner if none of its vertex is on the boundary of the creased paper.
We note that the rigid-foldability defined in [1] briefly means a continuum
of the rotation of rigid panels along the inner creases without self-intersection,
which does not require all the inner creases to be folded. However, such inner
creases seem redundant in most cases. Thus in this article we only consider the
case where all the inner creases are folded.
∗zh299@cam.ac.uk, sdg@eng.cam.ac.uk. Department of Engineering, University of Cam-
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(a) (b)
Figure 1: (a) shows a rigid-foldable quadrilateral creased paper, which is the
main object of study in this article. The polyhedral surface bounded by a dashed
cycle is a Kokotsakis quadrilateral. (b) is an example of a “ring” structure
disallowed by Remark 2; such systems will be discussed in a future article.
Remark 1. We do not require a creased paper to be either developable or
flat-foldable. A developable creased paper has a rigidly folded state where all
the folding angles are zero (at this planar state the Gaussian curvature is 0
everywhere). A flat-foldable creased paper has a rigidly folded state where all
the folding angles are ±pi.
Remark 2. Here we require the Euler Characteristic to be 1, which makes the
quadrilateral creased paper 1-connected and topologically a disk (or a “paper”).
We also require that no row or column of inner creases form a cycle, otherwise
the rigid-foldability condition will be different from Theorem 1. An example of
such a disallowed system is the “ring” structure shown in Figure 1(b). In this
case the rigid-foldability condition will heavily rely on the length (number of
edges) of the cycle. Actually, when dealing with stacking [2] or cylindrical [3]
structures, the analysis of such “ring” structure is indeed necessary, and will be
discussed in a future article of this series.
There have been many results concerning a rigid-foldable quadrilateral creased
paper. The majority of them focus on a developable and flat-foldable quadri-
lateral creased paper, which is an important subset of the quadrilateral creased
papers considered here. Tachi [4] first described the sufficient and necessary
condition for a developable and flat-foldable quadrilateral creased paper to be
rigid-foldable, and other papers followed with further examples and design meth-
ods [5, 6]. If we go out of this subset, [7] introduced some non-developable and
flat-foldable quadrilateral creased papers, while [8, 9, 10, 11] introduced some
developable and non-flat-foldable quadrilateral creased papers.
We want to provide a full description of rigid-foldable quadrilateral creased
papers, without any restriction on the developability or flat-foldability. In this
article we apply general tools developed in the first paper in this series to this
practical problem [1]. In that paper, where we put forward a theoretical frame-
work to discuss rigid origami, and review important previous results, we provide
all the underlying definitions used in the present paper.
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Before coming to the main text we want to discuss why quadrilateral creased
papers are a common object of study. Experience shows that, a more generic
condition can be less useful, so it is reasonable to start from a paper with simple
crease pattern. First we note that we don’t consider a paper with holes, since we
have shown that the constraints around holes are more complex than vertices
[1]. Then there are two aspects that need to be justified: why we choose all
the inner vertex to be degree-4, and why we choose all the inner panels to be
quadrilateral.
Concerning degree-4 vertices, for a paper without holes, we have demon-
strated that the configuration space of the whole creased paper is essentially
constrained by a system of polynomial equations, and is the intersection of the
configuration space of all its single-vertex creased papers [1] (a degree-n single-
vertex creased paper is the restriction of a creased paper on panels incident to
a degree-n inner vertex). Specifically, there are three polynomial constraints on
folding angles in a single-vertex creased paper. We have shown that a single-
vertex creased paper with no more than three inner creases is not rigid-foldable,
except when two of them are co-linear. Based on the analysis above, it is rea-
sonable to start with a creased paper that only contains degree-4 inner vertices.
Concerning quadrilateral inner panels, suppose there are V vertices, E creases
and F panels. from the Euler’s formula
V − E + F = χ (1)
where χ is the Euler characteristic of the creased paper. When V is large,
E ∼ 2V , so F ∼ V . That means if we want a creased paper to be freely
extended or refined when every inner vertex is degree-4, every inner panel should
on average be quadrilateral. While there exist hybrid degree-4 creased papers
whose inner panels are, for instance, a tiling of triangles and hexagons (such as
in the kagome pattern), it is reasonable to start with a creased paper whose inner
panels are all quadrilaterals. Note that the vertices, creases and panels incident
to the boundaries do not place additional constraints on the configuration space
of a creased paper if ingoring self-intersection.
From another perspective, any rigid origami is essentially a real algebraic
system on all the folding angles, which means if the number of variables is much
more greater than the number of constraints, with possibility 1 this creased
paper is rigid-foldable. Note that the way of counting the constraints is provided
in Section 4.1 of [1]. Therefore the rigid-foldability of an under-constrained rigid
origami, such as a triangular creased paper, is not so interesting. On the other
hand, analyzing the rigid-foldability of an over-constrained rigid origami is to
find the collection of singular points in the associated algebraic system, which
is more intriguing and difficult.
From the next section we will start to discuss the collection of rigid-foldable
quadrilateral creased papers. In order to present further results we need some
preliminaries.
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Figure 2: (a) A degree-4 single-vertex creased paper. We label these sector
angles and corresponding inner creases counter-clockwise. (b) Two non-trivial
rigidly folded states with the outside edge of the single-vertex creased paper
drawn on a sphere as arcs of great circles, assuming the panel corresponding to
α1 is fixed when we change the magnitude of ρ1. Generically, there are two sets
of folding angles ρ2, ρ3, ρ4, which are symmetric to ξ and colored by red and
blue.
2 Preliminaries
2.1 Degree-4 single-vertex creased paper
As shown in Figure 2, a degree-4 single-vertex creased paper has four sector
angles α1, α2, α3, α4 and four folding angles ρ1, ρ2, ρ3, ρ4 whose corresponding
inner creases are c1, c2, c3, c4. To study the rigid-foldability of a quadrilateral
creased paper, the first step is to clarify the relation among the folding angles
around its each degree-4 vertex, which is the main part of the configuration space
of a degree-4 single-vertex creased paper. The configuration space is described
as the collection of all possible folding angles under a given set of sector angles,
as well as the order of stacking of panels at some special rigidly folded states
[1]. Here the information on order (we call it the order function) is not as
important as the relation between folding angles, because we can always check
possible orders of stacking when the sector and folding angles are given.
In Section 2 of [12], a complete analysis on the configuration space of a
degree-4 single-vertex creased paper is presented. In this paper the relations are
expressed in terms of tan
ρi
2
in a compact form, which involves complex analysis
and elliptic function. Note that we assume the sector angles 0 < αi < pi. This
is reasonable because if a sector angle equals to pi (without loss of generality,
suppose α1 = pi), then α2 + α3 + α4 ≥ pi;
(1) if α2 + α3 + α4 = pi, ρ1 = ρ4; ρ2 = ρ3 = 0.
(2) otherwise, ρ1 = ρ4; ρ2, ρ3 = {a, b} or {−a,−b}, where a, b are non-zero
constants.
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(a) (b)
This folding
angle is 0
Figure 3: (a) The initial rigidly folded state of a quadrilateral creased paper
described in Proposition 1, where a folding angle is 0. (b) shows the final
rigidly folded state of (a), where some panels clash and the rigid folding motion
halts. The mountain and valley creases are colored red and blue. (a) and (b)
are plotted by Freeform Origami [4].
which is essentially folding along a crease. Additionally, if a sector angle is
greater than pi (without loss of generality, suppose α1 > pi), there is no essential
difference if substituting α1 with 2pi−α1, which means for a set of sector angles
0 < αi < pi, changing αi to 2pi − αi will only result in greater possibility of
self-intersection of panels.
2.2 Rigid-foldability
Here we will introduce the sufficient and necessary condition (also called the
loop condition [4]) for a quadrilateral creased paper to be rigid-foldable. We
start with a special case, where each inner vertex is degree-4, but there is no
inner panel.
Proposition 1. (From Theorem 5 in [1]) If a creased paper satisfies:
(1) It has Euler Characteristic 1 and each inner vertex is degree-4.
(2) The interior of crease pattern is a tree.
(3) All the sector angles are in (0, pi), and for each inner vertex, the four inner
creases does not form a cross.
then this creased paper is generically rigid-foldable. Especially, if the creased
paper described above is also developable, at the planar folded state (where all
the folding angles are 0) it is rigid-foldable.
Proposition 1 gives a way to design a degree-4 creased paper with no cycle in
the interior of the crease pattern, as shown in Figure 3(a) and 3(b). Note that
this excludes some non-generic cases [1], such as the example shown in Figure
4(a) and 4(b).
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Figure 4: (a) and (b) are the front and rear perspective views of a creased paper,
where two single-vertex creased papers share two panels. The sector angles are
shown in degrees. This rigidly folded state is not rigid-foldable because the
common folding angle ρ cannot exceed pi/2 in the top single-vertex creased
paper, and cannot be below pi/2 in the bottom single-vertex creased paper,
although both of the single-vertex creased papers are rigid-foldable. This figure
is replicated from [1].
Remark 3. Some creased papers have neither inner panels nor inner vertices,
and can be regarded as piecewise 1-dimensional origami. Some results have been
given in sections 11.2 and 11.3 of [13], but we will not consider such creased
papers further in this article.
The creased paper described in Proposition 1 is like a “tree” structure, and
in the next theorem we will show that this tree structure is closely related to
the rigid-foldability of a quadrilateral creased paper.
Theorem 1. Consider a quadrilateral creased paper. If and only if
(1) the corresponding tree structure (see Figure 5(b)) is rigid-foldable in a
closed interval of all the folding angles;
(2) for all i, j, the following equation is satisfied simultaneously in this closed
interval
θi,j ≡ φi,j (2)
then the quadrilateral creased paper is rigid-foldable in this closed interval.
Figure 5 defines the folding angles θi,j and φi,j .
Proof. As it is straightforward to move between the quadrilateral creased paper
and the tree structure by cutting or gluing, the sufficiency and necessity are
natural.
Remark 4. Any creased paper may have a number of branches in its rigid
folding motion [1]. For a developable quadrilateral creased paper, we can dis-
tinct different branches of rigid folding motion from different mountain-valley
assignment. This is because for each branch of every degree-4 single-vertex
creased paper, the sign of every folding angle remains the same when the rigid
folding motion moves away from 0. Each inner vertex should be incident to
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Figure 5: (a) shows a rigidly folded state of a quadrilateral creased paper, and
(b) is its corresponding tree structure, where we “cut” inner creases connecting
adjacent columns to make the interior of crease pattern have no cycle. ρj are
the folding angles of the top row. θi,j , φi,j and their corresponding inner creases
are colored red and blue, respectively.
three mountain creases and one valley crease, or three valley creases and one
mountain crease. However, mountain-valley assignment is not applicable for
the distinction of the branches of rigid folding motions of a non-developable
quadrilateral creased paper.
Remark 5. The quadrilateral creased paper described in Theorem 1 has the
same rigid folding motion as its corresponding tree structure, therefore generi-
cally it has one degree of freedom (1-DOF) in each branch of the rigid folding
motion. Nevertheless, the degree of freedom might be greater than 1 at some
special points in the configuration space, such as the planar and flat (all the
folding angles are ±pi) rigidly folded states. This can be examined from calcu-
lating the rank of Jacobian of constraints on the configuration space provided
in [14].
3 Stitching Rigid-foldable Kokotsakis Quadrilat-
erals
Definition 2. A Kokotsakis quadrilateral is a polyhedral surface in R3, which
consists of one center quadrilateral (the base); four side quadrilaterals, one
attached to each side of this center quadrilateral; and four corner quadrilaterals
placed between each two outer consecutive side quadrilaterals (see Figure 1(a)).
From Theorem 1, the next corollary is natural.
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Corollary 1.1. A quadrilateral creased paper is rigid-foldable if and only if
the restriction of a rigidly folded state on each Kokotsakis quadrilateral is rigid-
foldable.
Now we explain the process of “stitching”.
Definition 3. For a Kokotsakis quadrilateral Q1, we say that another Kokot-
sakis quadrilateral Q2 can stitch with Q1 in the longitudinal or transverse direc-
tion when Q2 can share two vertices with Q1 in the longitudinal or transverse
direction.
The rigorous work in [12], gives a nearly-complete classification of all rigid-
foldable Kokotsakis quadrilaterals. Each type of rigid-foldable Kokotsakis quadri-
lateral is described by a system of equations (most of them are trigonometric,
some are exponential or elliptic) on its sector angles, although a solution is not
guaranteed. Therefore given any quadrilateral creased paper, we can interpret
it by stitching together Kokotsakis quadrilaterals, either from the same or dif-
ferent types. In other words, if we can find all possible stitching of rigid-foldable
Kokotsakis quadrilaterals, we will get the complete description of a rigid-foldable
quadrilateral creased paper. To our interest, in the area of rigid origami, we
hope to find as many methods as possible to construct a large quadrilateral
creased paper that satisfies the following three extra conditions.
(1) It has at least one non-trivial rigid folding motion.
Definition 4. Following the terminology introduced in [12], A rigid fold-
ing motion of a creased paper is called trivial if a folding angle remains
constant in this rigid folding motion. A trivial rigid-foldable Kokotsakis
quadrilateral only has trivial rigid folding motion.
We think this requirement is reasonable because when designing a creased
paper, a not folded crease seems redundant. If a large quadrilateral creased
paper contains a trivial rigid-foldable Kokotsakis quadrilateral, any rigid
folding motion of this large quadrilateral creased paper will be trivial,
therefore we exclude from consideration the 4 trivial rigid-foldable Kokot-
sakis quadrilaterals (Type 3.8 in [12]).
(2) It is infinitely extendable in both longitudinal and transverse directions.
We require the technique of constructing this creased paper can be ap-
plied to an m × n (m,n → ∞) quadrilateral mesh, which also means the
quadrilateral mesh can be arbitrarily refined. This requirement enlarges
the range of application of a quadrilateral creased paper, such as to ap-
proximate a target surface by 1-DOF rigid origami [15].
(3) The sector angles can be solved quadrilateral by quadrilateral, i.e. the
design of the entire quadrilateral creased paper never requires the solu-
tion of equations where variables are sector angles from more than one
Kokotsakis quadrilateral.
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We raise this requirement mainly because even if a quadrilateral creased
paper is designed from possible stitchings, generically the number of total
constraints will be much more than the number of variables as the size in-
creases. A compromise is making the design process to be as follows. Start
from a Kokotsakis quadrilateral. Set its sector angles as known variables
and solve the sector angles of the neighboring Kokotsakis quadrilaterals,
quadrilateral by quadrilateral. Continue doing this until all the sector
angles are solved. Two advantages of this requirement are:
(a) each step completed by the above process will result in a rigid-foldable
creased paper.
(b) when adding a new Kokotsakis quadrilateral, we don’t need to adjust
the solved part because there is enough design freedom.
In the next section, we will demonstrate several methods to construct a
large rigid-foldable quadrilateral creased paper satisfying the three additional
requirements above. We understand that this method will not be comprehensive,
i.e. there may be large quadrilateral creased papers that can only be solved as
a whole, but it is unlikely practicable to find such cases.
4 Several Types of Large Quadrilateral Creased
Papers
First we provide a useful conclusion, that all types of large quadrilateral creased
papers presented in this section are also rigid-foldable after “switching some
strips”, as described below.
Definition 5. We define the operation of switching a strip as being to replace
all the sector angles on a column or a row of panels by their complements to pi.
Here we have extended the definition of switching a boundary strip in [12]. (see
Figure 6)
Theorem 2. Switching a strip preserves the rigid-foldability of a quadrilateral
creased paper.
Proof. We first consider switching a transverse strip as shown in Figure 6.
The sector angles on panels colored grey are replaced by their complements
to pi. We use x, y, z, u, v, w, r, s to represent the tangent of half of the cor-
responding folding angles (tan
ρ
2
) on these labeled inner creases. Following
Lemma 4.5 in [12], we know after switching a strip {x, y, z, u, v, w, r, s} →
{x,−y, z, u,−v, w,−r−1,−s−1}. The other related folding angles on this strip
are changed in the same way. Therefore from Theorem 1, switching a strip
preserves the rigid-foldability of a quadrilateral creased paper. The proof for
switching a longitudinal strip is similar.
Now we list some possible types of rigid-foldable quadrilateral creased pa-
pers. The justification for this categorization is provided in Section 5.
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Figure 6: (a) is a quadrilateral creased paper. We use x, y, z, u, v, w, r, s
to represent the tangent of half of the corresponding folding angles (tan
ρ
2
)
on these labeled inner creases. In (b), the sector angles on panels colored
grey are replaced by their complements to pi, and after switching a strip
{x, y, z, u, v, w, r, s} → {x,−y, z, u,−v, w,−r−1,−s−1}. The other related fold-
ing angles on this strip are changed in the same way. Generically, switching a
strip will make a developable creased paper non-developable.
(a) (b)
α1 π-α1α0 α2 π-α2 α3
β1
β2
β3
β4
β5
γ11 π-γ11
γ21 π-γ21
γ31 π-γ31
γ41 π-γ41
γ12 π-γ12
γ22 π-γ22
γ32 π-γ32
γ42 π-γ42
γ51 π-γ51 γ52 π-γ52
γ13
γ23
γ33
γ43
γ53
Figure 7: An example of the orthodiagonal type. (a) shows the relation among
the sector angles. The geometry here is not representive. (b) is a rigidly folded
state of the developable case described in Remark 6. Each column or row of
inner creases are co-planar, and each plane formed by a column of inner creases
is orthogonal to each plane formed by a row of inner creases. (b) is plotted by
Freeform Origami [4], where the mountain and valley creases are colored red
and blue.
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4.1 Orthodiagonal
For this case, as shown in Figure 7(a), the independent input sector angles are
αj (j ∈ [0, n]) and βi (i ∈ [1, 2m−1]). The other sector angles γij can be solved
one by one as follows.
(1) In the first row,
cosα0 cos γ11 = cosα1 cosβ1
cosαj−1 cos γ1,j = cosαj cos γ1,j−1, j ∈ [2, n]
(3)
(2) From the second row,
tanβ2i−1
tanβ2i
=
tan γ2i−1,j
tan γ2i,j
, i ∈ [1,m− 1], j ∈ [1, n]
cosβ2i cos γ2i+1,1 = cosβ2i+1 cos γ2i,1, i ∈ [1,m− 1]
cos γ2i,j−1 cos γ2i+1,j = cos γ2i,j cos γ2i+1,j−1, i ∈ [1,m− 1], j ∈ [2, n]
(4)
Switching some strips will give another orthodiagonal quadrilateral creased
paper. Typical geometric features of this category are:
(1) Each column or row of inner creases are co-planar.
(2) Each plane formed by a column of inner creases is orthogonal to each plane
formed by a row of inner creases. Hence the name “orthodiagonal”.
Remark 6. If β1 = pi−α0 and β2i+1 = pi−β2i (i ∈ [1,m−1]), this quadrilateral
creased paper will also be developable, as for the example shown in Figure 7(b).
If β1 = α0 and β2i+1 = β2i (i ∈ [1,m− 1]), this quadrilateral creased paper will
also be flat-foldable.
4.2 Isogonal
This category is the union of flat-foldable quadrilateral creased paper described
in [4] and its variation from switching some strips. Typical geometric features
of this category are:
(1) If at each inner vertex the sum of opposite sector angle equals pi, this
isogonal type is flat-foldable. Otherwise it is not flat-foldable.
(2) The absolute value of folding angles on a row or column of inner creases
are equal.
This category is named isogonal because at every inner vertex opposite sector
angles can be equal after switching some strips. Note that the property of “a
rigidly folded state can guarantee a rigid folding motion” described in [4] is
special for the isogonal type because here the existence of a rigidly folded state
is equivalent to equation (2). For other types the rigid-foldability condition on
sector angles is more complex, which makes similar conclusion not useful.
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α4 β4γ4δ4
α1 β1
γ1δ1α2β2
γ2 δ2
Figure 8: (a) shows how we label the sector angles of a Kokotsakis quadrilateral.
(b) is a linear unit, we label the sector and folding angles to illustrate the linear
relationship among the tangent of half of the folding angles. In both (a) and
(b) the geometries are not representative.
4.3 Transverse Linear Repeating
This category is formed by stitching linear units to generate a row of Kokotsakis
quadrilaterals in the transverse direction, and repeating this row in the longitu-
dinal direction. A linear unit is the union of two degree-4 single-vertex creased
papers sharing two panels (see Figure 8(b)). The reason for this name is, for
each linear unit we have tan
ρ2
2
= c tan
ρ5
2
and tan
ρ4
2
= c′ tan
ρ7
2
, where c, c′
are constants depending on the sector angles. There are 5 linear units denoted
by types 5.1–5.5, following the notation in Section 3.5 of [12], where the relation
among sector angles and the value of linear coefficient c are also provided (see
Figure 9). To allow repeating, κ1 and κ2 in the linear unit 5.1 should either
both be sin α−β2 / sin
α+β
2 or both be cos
α−β
2 / cos
α+β
2 . When stitching linear
units to form a row, they should be placed in their rotated position, which is
orthogonal to the regular position shown in Figure 9.
Definition 6. Stitching a linear unit with another linear unit means these two
linear units form a Kokotsakis quadrilateral. They do not share vertices, but
the folding angles on the matching creases must be the same. Linear unit 1 can
stitch with linear unit 2 if δ1 + δ2 + δ3 + δ4 = 2pi and corresponding constants
c1 = c
′
2. We say two linear units are stitched in the linear direction.
Here the linear direction is transverse, which is why we call this type trans-
verse linear repeating. To allow repeating, apart from requiring δ1+δ2+δ3+δ4 =
2pi, we should also set γ1+γ2+γ3+γ4 = 2pi (See Figure 8(a)). With the restric-
tion above and given suitable input sector angles, the rest of the sector angles
can be solved numerically. An important notice is there might be “degenera-
tion” (which is discussed in Section 6) in the stitching of linear units. These
degenerations can be found both analytically and numerically, and we provide
this information in Table 1. Although it will not result in negative results, the
relation among sector angles will be more special. In order not to make redun-
dant classification, we will not split the this type into smaller classes. Some
examples are shown in Figure 10.
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β1
π-α1α1
π-β1 α2 α1 π-α1π-α2
γ1
α2
π-β2
β2
π-α2 δ1 π-δ1δ2π-δ2α2 α1
δ1δ2 α1
δ1α2
δ2
β1
α1α1
β1α2
β2
β2
α2
β1
π-α1α1
π-β1α2
π-β2
β2
π-α2 α1
δ1
β1
γ2 α2
δ2
β2
γ1α1
δ1
β1
γ2 α2
δ2
β2
β1α1
α1β1α2
β2
β2
α2
5.1(a) 5.1(b) 5.2(a) 5.2(b)
5.3(a) 5.3(b) 5.4 5.5(a) or (b)
Figure 9: We use 5.1 to 5.5 to represent different types of linear units. Specific
relations among the sector angles of each linear unit and the value of linear
coefficient c are listed in Section 3.5 of [12]. Types 5.1(b), 5.2(b), 5.3(b) and
5.5(b) are developable, while other types are non-developable.
2(a) 2(b) 3(a) 3(b) 5(a) 5(b)
2(a) 2© 2© 3© 3© 1© 1©
2(b) 2© 1© 1© 1© 1©
Table 1: This table shows when the stitching of linear units degenerates. 1©
means the Kokotsakis quadrilateral formed by two linear units will degenerate
to a Kokotsakis quadrilateral in the parallel repeating type (Figure 10(a)). 2©
means it will degenerate to a Kokotsakis quadrilateral in the orthodiagonal type
(Section 4.1). 3© means both 1© and 2© are possible.
4.4 Longitudinal Linear Repeating
The difference between transverse and longitudinal linear repeating is that the
linear direction is respectively transverse and longitudinal. Here the linear units
are in the regular position. We label a linear unit in each case with a dashed
red cycle in Figure 10(a) and 11(a). Longitudinal linear repeating is formed by
stitching linear units 5.1 and 5.3 to generate a row of Kokotsakis quadrilaterals
in the transverse direction, and repeating this row in the longitudinal direction.
To allow repeating, apart from requiring δ1 + δ2 + δ3 + δ4 = 2pi, we should also
set α1 + α2 + α3 + α4 = 2pi (See Figure 8(a)). Here κ1 and κ2 in the linear
unit 5.1 should either both be sin α−β2 / sin
α+β
2 or both be cos
α−β
2 / cos
α+β
2 .
An example is shown in Figure 11(a) and 11(b).
4.5 Conic Repeating
This category is formed by stitching type 3.2 to form a row of Kokotsakis
quadrilaterals, and repeating this row in the longitudinal direction. To allow
repeating, apart from requiring δ1 + δ2 + δ3 + δ4 = 2pi, we should also set
α1+α2+α3+α4 = 2pi (See Figure 8(a)). An example is shown in Figure 11(c)
and 11(d).
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(a) (b)
(c) (d)
(e) (f)
β1α1
π-α1π-δ1
γ1
δ1
π-β1π-γ1
β1α1
π-α1π-δ1
γ1
δ1
π-β1π-γ1
100115
6580
10792
8873
7772.50
103107.50
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Figure 10: Examples of the transverse linear repeating, which is formed by
stitching a row of linear units, and repeating this row in the longitudinal di-
rection (orthogonal to the linear direction). We label all the sector angles in
degrees. (a) is formed by stitching “parallel linear units”, which is bounded by
a red dashed cycle. We name this type as “parallel repeating”. This is a typical
special rigid-foldable quadrilateral creased paper, and some stitchings in the
transverse linear repeating will degenerate to this case. (b) is a rigidly folded
state of (a). (c) is formed by 5.1(b)–5.2(b)–5.2(b)–5.1(b). (d) is a rigidly folded
state of (c). (e) is formed by 5.1(b)–5.3(b)–5.5(b)–5.1(b). (f) is a rigidly folded
state of (e). The independent input sector angles are colored red in (a), (c) and
(e). Other sector angles are solved numerically. (b), (d) and (f) are plotted by
Freeform Origami [4], where the mountain and valley creases are colored red
and blue.
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81.97
94.4295.24 84.76
85.58
Figure 11: (a) is an example of the longitudinal linear repeating, formed by
stitching linear units 5.1 and 5.3 to generate a row of Kokotsakis quadrilaterals,
and repeating this row in the longitudinal direction (“along” the linear direction).
Here a linear unit 5.1(b) is bounded by a dashed red cycle to show the difference
of linear direction in the transverse and longitudinal linear repeating. (b) is a
rigidly folded state of (a). (c) is an example of conic repeating, formed by
stitching type 3.2 to generate a row of Kokotsakis quadrilaterals, and repeating
this row in the longitudinal direction. (d) is a rigidly folded state of (c). (e)
is an example of the hybrid type. The first Kokotsakis quadrilateral is type
6.1, its adjacent row and column are formed by stitching of type 1-2, the rest
part is of isogonal type. (f) is a rigidly folded state of (e). The independent
input sector angles are colored red in (a), (c) and (e). Other sector angles are
solved numerically. We label all the sector angles in degrees. (b), (d) and (f)
are plotted by Freeform Origami [4], where the mountain and valley creases are
colored red and blue.
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100110
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100110 7080
110100 8070
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Figure 12: (a) is an example of the parallel mixed type, where the independent
input sector angles are colored red. Other sector angles are solved numerically.
We label all the sector angles in degrees. The upper part is a linear repeating
type shown in Figure 10(e), and the lower part is a parallel repeating type
shown in Figure 10(a). (b) is a rigidly folded state of (a), plotted by Freeform
Origami [4]. The mountain and valley creases are colored red and blue. We
also show another mountain-valley assignment in the upper part compared to
Figure 10(e).
4.6 Hybrid
This category is formed by the following steps. An example is shown in Figure
11(e) and 11(f).
(1) Choose the first Kokotsakis quadrilateral from types 1-1, 6.1, 6.2, 7.2, 7.3,
7.7 or 7.8.
(2) In both the row and column incident to the first Kokotsakis quadrilat-
eral, choose types 1-1, 1-2, 1-3, or 1-5 to stitch with the first Kokotsakis
quadrilateral.
(3) Solve the rest of this quadrilateral creased paper as we do for the isogonal
type.
4.7 Tiling
This type is provided in [9] and [11]. It is developable and has 3 independent
input sector angles α, β, γ. Setting δ = 2pi − α − β − γ, the sector angles of
this creased paper are α, β, γ, δ, pi − α, pi − β, pi − γ or pi − δ. At each vertex,
the sector angles are α, β, γ, δ or pi − α, pi − β, pi − γ, pi − δ. We can interpret
the tiling type as a combinatorial special solution of the stitching of types 3.2,
which is not formed by repeating.
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4.8 Parallel Mixed
Given a rigid-foldable quadrilateral creased paper, this type is formed by stitch-
ing a parallel repeating type (see Figure 12) in the longitudinal direction.
5 Justification for The Possible Types Presented
In this section we will describe some of the underlying mathematical structure
that leads to the different types presented in Section 4. This section heavily
relies on the classification of rigid-foldable Kokotsakis quadrilaterals from Ivan
Izmestiev. Throughout this section, we make extensive use of the labelling
screme presented in Section 3 of [12]. Specifically, 1.1, 1.2; 2; 3.1, 3.2; 4.1,
4.2; 5; 6.1–6.3; 7.1–7.10. Each type 5 consists of two of the five linear units
described in Section 4.3, we describe a type 5 as, for instance, 3(a)–5(b), or as,
for instance, 2-2 when we do not need to denote (a) or (b).
From Section 2.4 of [12], a degree-4 single-vertex creased paper is classified
as follows, based on different types of the configuration space.
Definition 7. A degree-4 single-vertex creased paper with the sector angles
labeled as α, β, γ, δ is said to be:
(1) of elliptic type, if equation (5) has no solutions;
(2) of conic type, if equation (5) has exactly one solution;
(3) a deltoid, if it has two pairs of equal adjacent sector angles, and an an-
tideltoid, if it has two pairs of adjacent sector angles complementing each
other to pi;
(4) an isogram, if it has two pairs of equal opposite sector angles, and an
antiisogram, if it has two pairs of opposite sector angles complementing
each other to pi.
α± β ± γ ± δ = 0 (5)
When stitching different types of rigid-foldable Kokotsakis quadrilateral, ver-
tices that are shared between the quadrilaterals must of course be of the same
type. Note that if two Kokotsakis quadrilaterals cannot stitch with each other,
switching a strip (see Definition 5) cannot make them stitchable since it does
not change the type of a vertex, at most switching from deltoid to antideltoid,
or isogram to antiisogram. We also need to check whether other relations among
the existing sector angles are compatible with the new Kokotsakis quadrilateral
we plan to stitch.
Type 1.1 can only stitch with itself, forming one category of large rigid-
foldable quadrilateral creased paper, called orthodiagonal (Section 4.1). The
geometric properties mentioned in Section 4.1 can be examined directly. We
have considered possible rotation of Kokotsakis quadrilaterals, but it does not
increase the variation.
For type 2, stitching with itself forms one category of large rigid-foldable
quadrilateral creased paper, called isogonal (Section 4.2). Other stitching pos-
sibilities of type 2 are included in the discussions on type 5.
For other types we provide a Proposition to a further discussion.
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Proposition 2. (1) For any type of rigid-foldable Kokotsakis quadrilateral, if
the 8 sector angles around two adjacent vertices are given and compatible
with the constraints on sector angles, there is enough design freedom to
solve for the other 8 sector angles.
(2) For types 5, 6, 7.2, 7.4, 7.5, 7.7, 7.8 and 7.9, if the given 12 sector angles
around three vertices are compatible with the constraints on sector angle,
then if the unsolved vertex is an (anti)isogram, there is enough design
freedom for the other 4 sector angles.
(3) For type 7.6, if the given 12 sector angles around three vertices are com-
patible with the constraints on sector angles, then if the unsolved vertex
is elliptic, there is enough design freedom for the other 4 sector angles.
(4) For other types, even if the given 12 sector angles around three vertices
are compatible with the constraints on sector angles. Generically there is
no solution for the other 4 sector angles.
Proof. The equations of rigid-foldability condition on sector angles in each type
of 1.2 and 3–7 are independent. If the 8 sector angles around two adjacent
vertices are given without contradiction to the constraints on sector angles, the
number of remaining equations is no more than 8, and we say there is enough
design freedom for the other 8 sector angles. If we are given 12 sector angles
around three vertices which are compatible with the constraints on sector angles,
only for the cases mentioned in (2) and (3) the number of remaining equations
is 4, otherwise it is greater than 4. In this sense, we say generically there is no
solution for the other 4 sector angles.
Proposition 2 only provides an estimate. However, we have verified this
estimate numerically. Apart from the cases given in Proposition 2(2) and 2(3),
we have not found it to be possible to obtain a large quadrilateral creased paper
just by solving equations quadrilateral by quadrilateral. Therefore our next
step is to consider special solutions. Note that from Theorem 2, many other
variations based on these special solutions can be obtained by switching some
strips.
5.1 Special Solution 1
For special solution 1, the method is to stitch compatible categories of rigid-
foldable Kokotsakis quadrilaterals in one row by solving equations quadrilateral
by quadrilateral, and repeating this row in the longitudinal direction to obtain
a large quadrilateral creased paper, which makes the creased paper rowwise-
periodical. From Proposition 2 we know solving a row is possible, and when
constructing special solutions in the longitudinal direction, we should consider
that each time when we solve 8 sector angles based on 8 known sector angles,
the number of additional constraints to allow such special solutions plus the
number of original constraints should not exceed 8. We will explain why only
using repeating here in Section 5.3.
Consider generating the row of Kokotsakis quadrilaterals for repeating, apart
from the initial quadrilateral, each time we add a quadrilateral, solve 8 sector
angles based on 8 known sector angles. Therefore we should first analyze which
types of rigid-foldable Kokotsakis quadrilateral can generate a new rigid-foldable
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Kokotsakis quadrilateral by repeating, if the 8 sector angles around two adjacent
vertices are given. We note that the Kokotsakis quadrilaterals described in
[12] might be able to repeat either “horizontally” or “vertically”. To give us
maximum freedom, and allow either type of repeating, here we describe the
placement as “regular” if the placement is aligned with the description in [12], or
“rotated” if the placement is orthogonal. For regular position, an extra condition
(α1+α2+α3+α4 = 2pi), must be added to allow repetition because the sum of
sector angles on each inner panel should be 2pi. For rotated position, the extra
condition becomes γ1 + γ2 + γ3 + γ4 = 2pi.
Proposition 3. The following statements describe, for each type of rigid-
foldable Kokotsakis quadrilateral, whether it is possible to solve 8 sector angles
numerically based on 8 known sector angles such that after repeating we will
still obtain a rigid-foldable Kokotsakis quadrilateral.
(1) For types 3.1 and 3.2, by repeating we can obtain another rigid-foldable
Kokotsakis quadrilateral.
(2) For type 1-1, at each of 4 vertices there is a coefficient κ, which can be
chosen from sin α−β2 / sin
α+β
2 or cos
α−β
2 / cos
α+β
2 . If the number of each
choice is 0, 2 or 4, for either the regular or rotated position by repeating
we can obtain another rigid-foldable Kokotsakis quadrilateral, otherwise
we cannot obtain a rigid-foldable Kokotsakis quadrilateral.
(3) For type 5 (excluding 1-1), for the rotated position (where the linear di-
rection is transverse) by repeating we can obtain another rigid-foldable
Kokotsakis quadrilateral, if κ1 and κ2 in the linear unit 5.1 are both
sin α−β2 / sin
α+β
2 or both cos
α−β
2 / cos
α+β
2 .
(4) For types 1-3, for the regular position (where the linear direction is lon-
gitudinal) by repeating we can obtain another rigid-foldable Kokotsakis
quadrilateral, if κ1 and κ2 in 5.1 are both sin α−β2 / sin
α+β
2 or both cos
α−β
2
/ cos α+β2 . However, for other units in type 5 in the regular position gener-
ically we cannot obtain a rigid-foldable Kokotsakis quadrilateral.
(5) For type 7.1, for either the regular or rotated position, by repeating we
can obtain another rigid-foldable Kokotsakis quadrilateral.
(6) For types 7.4 and 7.5, for the rotated position by repeating we can ob-
tain another rigid-foldable Kokotsakis quadrilateral, while for the regular
position generically we cannot obtain another rigid-foldable Kokotsakis
quadrilateral.
(7) For other types generically after repeating we cannot obtain a rigid-foldable
Kokotsakis quadrilateral.
Proof. Statements (1) and (5) can be verified directly.
Statements (2), (3) and (4): For type 5, repeating in either the regular
position or the rotated position preserves the linear relations among the tan-
gent of half of the folding angles. For linear unit 5.1, if κ1 and κ2 are both
sin α−β2 / sin
α+β
2 or both cos
α−β
2 / cos
α+β
2 , the linear coefficient c remains the
same after repeating in either the regular position or the rotated position, oth-
erwise only the sign of c is changed. For linear unit 5.3, c remains the same after
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repeating in either the regular position or the rotated position. For linear units
5.2–5.5, c remains the same after repeating in the rotated position, while in the
regular position changes its value. Since when two linear units stitch with each
other the linear cofficient must be the same, we can draw these conclusions.
Note that type 3-3 is not suitable for repeating, which is explained in statement
(7).
Statement (6): Repeating for the rotated position can be verified directly.
Repeating for the regular position needs two extra constraints for rigid-foldability,
and the total number of constraints will exceed 8.
Statement (7): For all the other types, either the additional constraints to
allow repeating contradicts with the original constraints on sector angles, or the
number of additional constraints to allow repeating plus the number of original
constraints on sector angles is greater than 8. In this sense we say generically
these types are not suitable for repeating.
From Proposition 3 we know the possible types that can be used to stitch
with other types, which also determines the first Kokotsakis quadrilateral in this
row. However, our numerical studies have lead to the following restrictive ob-
servations about Kokotsakis quadrilaterals. We will discuss these Observations
in Section 6.
Observation 1. We only find non-real numerical solution for Kokotsakis quadri-
laterals of types 3.1, 6.3, and 7.9.
Observation 2. The only numerical solution we have found for a Kokotsakis
quadrilateral of type 7.1 degenerates to a Kokotsakis quadrilateral in the “par-
allel repeating” type shown in Figure 10(a).
Observation 3. Kokotsakis quadrilaterals of types 7.4 and 7.5 have numerical
solutions, but are rigid in Freeform Origami [4].
Then considering the compatibility among all the types, the results for spe-
cial solution 1 are listed as follows. The row of Kokotsakis quadrilaterals to be
repeated can be constructed by the following ways.
(1) Transverse Linear Repeating : Stitch among the linear units of type 5 in
the rotated position (Section 4.3). The linear direction is transverse.
Because the linear relation among the tangent of half of corresponding
folding angles, linear units can only stitch with linear units in the linear
direction. Note that only using 1-1 we will obtain the isogonal type, which
is presented in Section 4.2.
(2) Longitudinal Linear Repeating : Stitch among type 1-3 in the regular po-
sition (Section 4.4). The linear direction is longitudinal.
Just from the type of vertex in type 1-3, we can also choose types 1-3,
6.1, 7.3 7.4 and 7.5 as the first Kokotsakis quadrilateral. However, from
Observation 3 we will not choose 7.4 and 7.5. More careful examination
on types 6.1 and 7.3 shows that the additional requirements to allow re-
peating contradicts with the rigid-foldability condition on sector angles.
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Note that choosing 1-1 we will obtain the isogonal type.
(3) Conic Repeating : Stitch among type 3.2. (Section 4.5)
Apart from linear units, from Observations 1–3 the only remaining type
is 3.2. What we then need to consider is choosing the first Kokotsakis
quadrilateral in this row, which can be types 3.2, 5-5, and 7.8. However,
if type 5-5 is chosen, this will become a special case of 3.2. More careful
examination on type 7.8 shows that the additional requirements to allow
repeating contradicts with the rigid-foldability condition on sector angles.
5.2 Special Solution 2
For special solution 2, the method is to construct a row and a column of rigid-
foldable Kokotsakis quadrilaterals, then consider the stitching of solvable cases
mentioned in Proposition 2(2) and 2(3) to obtain a large quadrilateral creased
paper. Here we also need to make sure that this step of “solving one vertex based
on three vertices” can proceed in both longitudinal and transverse directions
indefinitely, which excludes type 7.6. Considering solving an (anti)isogram, one
type of large quadrilateral creased paper can be constructed by the steps listed in
Section 4.6, called the hybrid type. Note that a type 5 Kokotsakis quadrilateral
cannot have two linear directions except for 1-1. From Observations 1 and 3 we
will not consider types 6.3, 7.4, 7.5 and 7.9 when choosing the first Kokotsakis
quadrilateral.
5.3 Other Special Solutions
Apart from repeating in special solution 1, it is natural to consider whether other
operations are possible after constructing a row of rigid-foldable Kokotsakis
quadrilaterals. For instance, the new rows can be generated by substituting
some sector angles by their complements to pi, or switching the position of some
sector angles. From our observation, generically such operations
(1) do not result in another rigid-foldable Kokotsakis quadrilateral.
(2) need two or more extra conditions for ensuring the sector angles on each
inner panel to be 2pi, where the total number of constraints exceeds 8.
Therefore we will not consider such operations in this article. We do, how-
ever, admit that repeating is only an elementary special solution, and possibly
these operations could be applied in some non-generic case.
Further, there are some special solutions which are more dependent on sym-
metry. First, we have the tiling type provided in [9] and [11] (Section 4.7).
However, it is unclear to us how to use “tiling” to generate a large quadrilateral
creased paper from a solved row of rigid-foldable Kokotsakis quadrilaterals. Sec-
ond, the parallel mixed type (Section 4.8), which is based on the compatibility
of the parallel repeating quadrilateral creased paper. Some insights on finding
more types of rigid-foldable quadrilateral creased papers are provided in Section
6.
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6 Discussion
6.1 Comment on further solutions
Here we point out some considerations for further exploration of large rigid-
foldable quadrilateral creased papers.
(1) Although for a large quadrilateral creased paper, generically the number of
constraints for rigid-foldability is much greater than the number of sector
angles, it maybe still possible to solve this system as a whole and find
some special solutions.
(2) Following the idea of solving the sector angles quadrilateral by quadri-
lateral, in Section 5 we move forward only by comparing the number of
constraints and variables. However, this is not strict for non-linear sys-
tems. By studying the rigid-foldability conditions more carefully there
may be further more special solutions. Then we might be able to go be-
yond the known types and find more general rigid-foldable quadrilateral
creased papers.
6.2 Comment on the numerical results
In this article, the orthodiagonal, isogonal, parallel repeating, tiling and parallel
mixed types do not require the solution of equations, while other types are
designed by specifing some input sector angles and solving the rest of the sector
angles numerically. We will comment on these numerical solutions here.
(1) When making examples we used fsolve in MATLAB with random input
sector angles and initial values. The numerical solutions can be sensitive
to the input sector angles and initial values. Given a set of input sector
angles there might be no solution, or only complex solutions, as mentioned
in Observation 1. Sometimes an exact numerical solution can be obtained
only after trying many different input sector angles and initial values.
Changing the position of input sector angles will also affect the numerical
result.
(2) Most of equations in the rigid-foldability condition are trigonometric, but
some are exponential or elliptic. Trigonometric equations can be trans-
formed into polynomial equations with the following relations:
cosα =
1− tan2 α
2
1 + tan2
α
2
, sinα =
2 tan
α
2
1 + tan2
α
2
(6)
which has the advantage that the numerical solution of a system of poly-
nomial equations has been well studied. It would be possible to apply
more advanced numerical methods here for better results.
(3) In Observation 3, we mentioned that types 7.4 and 7.5 can be solved, but
do not pass the test for rigid-foldability in Freeform Origami. This might
be because the rigid-foldability constraints on sector angles are derived in
the complexified configuration space, where the real folding angles maybe
isolated.
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Another phenomenon in the numerical solution is called degeneration, which
can be divided into two types.
(a) In the numerical result, an (anti)deltoid or (anti)isogram may degenerate
to a miura-ori vertex or a cross. A conic vertex may degenerate to an
(anti)deltoid or (anti)isogram. An elliptic vertex may degenerate to a
conic vertex. Further degeneration is also possible.
(b) There might be unexpected relations among the sector angles, such as
in Figure 10(e) and 10(f), some inner creases in different linear units are
parallel; and in Figure 11(a) and 11(b) when solving new sector angles in
a row some values recur.
Apart from a vertex becoming a cross, such degenerations are acceptable in
the numerical results. However, sometimes negative numerical results appear in
the form of degeneration, as mentioned in Observation 2.
6.3 Choice of Crease Lengths
After finding all the sector angles of a large quadrilateral creased paper, the
length of inner creases in a row and a column is adjustable, which can make
a quadrilateral creased paper have various configuration. When plotting the
creased paper based on a set of known sector angles, the length of inner creases
should be adjusted to avoid intersection of inner creases at some points other
than vertices.
6.4 Number of branches of rigid folding motion
As we know more about rigid-foldable quadrilateral creased papers, a natu-
ral question is how to count the number of branches of rigid folding motion.
Especially, for a developable quadrilateral creased paper, the mountain-valley
assignment can be used to distinct different branches. The problem is a gen-
eral theory for counting the number of branches is still not clear, although
given a specific example we have some techniques (at least, enumeration) to
deal with it. Another approach is linking this problem to graph coloring, [16]
counts the number of mountain-valley assignments for local flat-foldability of a
Miura-ori, while how to identify those guarantee global flat-foldability (which
are the exact number of branches) requires some unknown techniques. Generi-
cally, a rigid-foldable quadrilateral creased paper with more symmetry will have
a greater number of branches. One observation is, with no degeneration, many
of the large rigid-foldable quadrilateral creased papers presented here only have
1 branch of rigid folding motion, whereas for some degenerated cases, this num-
ber increases exponentially with respect to the number of vertices. This topic
will be discussed in a future article of the series.
7 Conclusion
Based on a nearly complete classification of rigid-foldable Kokotsakis quadrilat-
erals from Ivan Izmestiev, this paper describes several new variations of large
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rigid-foldable quadrilateral creased papers, without any restriction on the de-
velopability or flat-foldability. These new variations still have one degree of
freedom, but the rigid folding motions are more irregular.
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